An estimate on the number of distinct relative periodic orbits around a stable relative equilibrium in a Hamiltonian system with continuous symmetry is given. This result constitutes a generalization to the Hamiltonian symmetric framework of a classical result by Weinstein and Moser on the existence of periodic orbits in the energy levels surrounding a stable equilibrium.The estimate obtained is very precise in the sense that it provides a lower bound for the number of relative periodic orbits at each prescribed energy and momentum values neighboring the stable relative equilibrium in question and with any prefixed (spatiotemporal) isotropy subgroup. Moreover, it is easily computable in particular examples. It is interesting to see how in our result the existence of non trivial relative periodic orbits requires (generic) conditions on the higher order terms of the Taylor expansion of the Hamiltonian function, in contrast with the purely quadratic requirements of the WeinsteinMoser Theorem, which emphasizes the highly non linear character of the relatively periodic dynamical objects.
Introduction
The search for periodic orbits around non hyperbolic equilibria of a Hamiltonian system has traditionally been one of the main topics in classical mechanics. The best known results in this direction are due to Liapounov [Lia07] and Horn [Ho03] , who solved the non resonant case. Further extensions of this result due to J. Moser [M76] justify why this theorem is usually referred to as the Weinstein-Moser Theorem. Bartsch [Ba97] has studied periodic orbits on the zero level set of the Hamiltonian in Moser's generalized version of the theorem.
In this paper we will be interested in Hamiltonian systems endowed with a continuous symmetry. More specifically, Hamiltonian systems of the form (M, ω, G, J : M → g * , h : M → R), where G is a Lie group, with Lie algebra g, acting properly and canonically on the smooth symplectic manifold (M, ω), that encodes the symmetries of the system. We will assume that the G-action admits an equivariant momentum map J : M → g * , where g * denotes the dual space of g, and that the Hamiltonian function h is G-invariant.
The Weinstein-Moser Theorem was adapted to this category by Montaldi et al [MRS88] and later by Bartsch [Ba94] , who obtained sharper estimates. Even though these authors worked in the symmetric framework, their papers still dealt with the search of periodic orbits near elliptic equilibria (see also [OR00a] for some precisions on these results). However, in the presence of a continuous symmetry, the critical elements that generalize equilibria and periodic orbits to this category are the so-called relative equilibria (RE) and relative periodic orbits (RPOs). Recall that a relative equilibrium of the G-invariant Hamiltonian h is a point m ∈ M such that the integral curve m(t) of the Hamiltonian vector field X h starting at m equals exp(tξ) · m for some ξ ∈ g, where exp : g → G is the exponential map; any such ξ is called a velocity of the relative equilibrium. Note that if m has a non-trivial isotropy subgroup, ξ is not uniquely determined. The point m ∈ M is said to be a relative periodic orbit of the G-invariant Hamiltonian h if there is a τ > 0 and an element g ∈ G such that F t+τ (m) = g · F t (m) for any t ∈ R, where F t is the flow of the Hamiltonian vector field X h . The constant τ > 0 is called the relative period of m and the group element g ∈ G its phase shift.
The search for relative equilibria around stable and unstable relative equilibria has been the object of [OR00a] . The simplest and most straightforward generalization of the WeinsteinMoser Theorem to the symmetric context is obtained by using symplectic reduction [MW74] . If the point m ∈ M is such that J(m) = µ is a regular value of the momentum map J and the coadjoint isotropy subgroup G µ of µ ∈ g * acts freely and properly on the level set J −1 (µ), then the quotient manifold J −1 (µ)/G µ is a symplectic manifold and the dynamics of any G-invariant Hamiltonian on M drops naturally to Hamiltonian dynamics on the reduced manifold J −1 (µ)/G µ . Moreover, REa and RPOs in M coincide with equilibria and periodic orbits in the reduced space, respectively. Therefore, if m is a RE such that the Hessian of the reduced Hamiltonian at the reduced equilibrium satisfies the hypothesis of the Weinstein-Moser Theorem, then there are at least 1 2 dim(J −1 (µ)/G µ ) geometrically distinct periodic orbits on each energy level in this reduced space, that lift to as many geometrically distinct RPOs in M with momentum µ. We emphasize that when in the symmetric context we will talk about geometrically distinct objects we will mean that one cannot be obtained from the other by using the relevant group action in the problem.
One limitation of this method is that it only allows us to prove the existence of RPOs with the same momentum as the stable relative equilibrium whose existence we use as hypothesis. Additionally, if the regularity assumption on the point m is dropped in the previous paragraph, the reduced space J −1 (µ)/G µ is not a manifold anymore but a Poisson variety in the sense of [ACG91, OR98] , whose symplectic leaves are the singular reduced spaces introduced by Sjamaar, Lerman, and Bates in [SL91, BL97] . See also [O98, OR00] . In principle, the procedure described in the previous paragraph can still be carried out taking, instead of the entire reduced space, the smooth symplectic stratum that contains the reduced equilibrium. The main inconvenience of this approach is the loss of information that the restriction to the stratum implies. In particular, the stratum could reduce to a point, in which case the result would be empty of content. However, any attempt to leave the stratum that contains the reduced equilibrium in the search for periodic orbits, will automatically bring in its wake the abandonment of the Weinstein-Moser Theorem as the main tool guaranteeing the existence of the periodic orbits nearby, since, generically, these strata do not contain critical points of the reduced Hamiltonian. These difficulties have been partially overcome by Lerman and Tokieda [LT99] and by Lerman [L99] . The second work, that constitutes an improvement of the first one, uses the geometry of the reduced space to prove the existence of RPOs around a given stable RE, but only in the closed strata of the reduced space corresponding to the same level set of the momentum map in which the RE lies. In our work we will abandon the reduction theoretical approach and take a more analytical one which will give us a result free from the restrictions in [L99] and provide an estimate easier to compute when we move in overlapping situations. This estimate is very precise in the sense that it provides a lower bound for the number of RPOs at each prescribed energy and momentum values neighboring the stable RE, and with any prefixed spatiotemporal isotropy subgroup.
The approach taken in the proofs implies also some limitations in our results. For instance, the use of the momentum map makes invisible the RPOs whose phase shift does not lie in the connected component of the identity of the group of symmetries (therefore the corresponding reduced POs are always free of anomalies), or the RPOs that appear in the presence of compact discrete (finite) symmetries, since in that situation the momentum map is trivial. Note also that, even though in that case every RPO is a PO, the only way to relate the period of the POs in the energy levels neighboring the equilibrium to the period of the motions of the linear system is by considering them as RPOs. It is our belief that results in this direction can only be obtained by taking a global variational approach that the author is already studying and that will be the subject of a future work.
This global variational approach seems also to be the only way to obtain global generalizations of the local results stated throughout the paper, similar to those obtained in the past regarding the Weinstein-Moser Theorem (see for instance [EL80, AM82, HZ95] , an references therein) where, by substituting the stability condition by convexity hypotheses, estimates regarding the existence of periodic orbits could be formulated for any convex energy level set.
The paper is organized as follows:
• In Section 2 we introduce some preliminary material with the purpose of fixing the notation and of future reference. The expert can skip this section.
• In Section 3 we present the main results that provide an estimate on the number of RPOs surrounding a given stable symmetric equilibrium at each prescribed energy and momentum values neighboring the equilibrium, and with any prefixed spatial and spatiotemporal isotropy subgroup.
• In Section 4 we use the main results in the previous section and the so called reconstruction equations in order to generalize them to an estimate on the number of RPOs around a genuine stable RE.
Preliminaries
Throughout the paper we will work in the category of symmetric Hamiltonian spaces whose objects are Hamiltonian systems with symmetry (M, ω, G, J : M → g * , h : M → R) and whose arrows are smooth equivariant symplectic maps. Here (M, ω) is a symplectic manifold on which the Lie group G, with Lie algebra g, acts properly, canonically, and, moreover, in a globally Hamiltonian fashion, that is, it admits an equivariant momentum map J : M → g * , where g * is the dual space of g. The Hamiltonian function h is always assumed to be G-invariant.
2.1 Proper actions, fixed point sets, slices, and normalizers.
The proofs of the facts stated below can be found in [Bre72, Kaw91, Pal61] . The isotropy subgroups associated to a proper action are always compact. Let H be a closed subgroup of G. The connected components of the sets (ii) there exists a smooth equivariant retraction r :
Slices have very interesting properties. For instance, the slice S m is closed in G · S m and it is invariant under G m . A feature that will be of particular interest interest to us is the possibility of using the slice to locally coordinatize the G-space M around the orbit G · m by means of a local cross-section of G/G m . More specifically, a local cross-section σ of the homogeneous space G/G m is a differentiable map σ : Z → G, where Z is an open neighborhood of G m in G/G m such that σ(G m ) = e and σ(z) ∈ z, for z ∈ Z. The existence of these local cross-sections is well known (see for instance [Che46, page 109] 
In Section 4 we will briefly review a symplectic version of this result. We finish our discussion on slices by saying a word on how to construct them. The reader is encouraged to look at [Bre72, GS84b] for an in-depth presentation. First of all, it can be proved [BL97] that any G-space M , where G acts properly, is endowed with a G-invariant Riemannian metric, whose exponential map we will denote by Exp. Let m ∈ M and E m = (T m (G · m)) ⊥ be the orthogonal complement with respect to the G-invariant metric to the tangent space to the G-orbit that goes through m. It can be proven that the image by the exponential map Exp of a sufficiently small G m -invariant neighborhood of the origin in E m is a local slice through m for the G-action on M . Notice that, in particular, this shows that if m is a point such that G m = G, then any G-invariant neighborhood of m is a slice through m, a fact that will be important later on.
We now suppose that the symplectic manifold M in question is a symplectic vector space (V, ω) that constitutes a symplectic representation space of G then, the H-fixed point space V H is a symplectic vector subspace of V . Recall that any symplectic representation is globally Hamiltonian with an equivariant momentum map J : V → g * associated given by
The symbol ξ·v denotes the infinitesimal generator at v associated to ξ ∈ g, and ·, · the natural pairing between the Lie algebra g and its dual. Let now N (H) = {n ∈ G | nHn −1 = H} be the normalizer of H in G. The globally Hamiltonian G-action on V induces globally Hamiltonian actions of L := N (H)/H on V H and V H . Moreover, the L-action on V H is free. The momentum maps J L H : V H → l * and J L H : V H → l * associated to these actions are given by
where Ξ * : (h • ) H → l * is the natural N (H)/H-equivariant isomorphism (see [O98, OR00] for the details) between the H-fixed points in the annihilator of h in g * and the dual of the Lie algebra l * of N (H)/H.
The resonance space and normal form reduction
Let (V, ω) be a symplectic vector space. It is easy to show that there is a bijection between linear Hamiltonian vector fields on (V, ω) and quadratic forms on V . Indeed, if A : V → V is an infinitesimally symplectic linear map, that is, a linear Hamiltonian vector field on (V, ω), its corresponding Hamiltonian function is given by
Also, since A belongs to the symplectic Lie algebra sp(V ), it admits a unique JordanChevalley decomposition [Hu72, VvdM95] of the form A = A s + A n , where A s ∈ sp(V ) is semisimple (complex diagonalizable), A n ∈ sp(V ) is nilpotent, and [A s , A n ] = 0. If the quadratic form Q A is definite, a theorem of Krein [Kr50, M58] guarantees that the associated linear Hamiltonian vector field A is semisimple (complex diagonalizable) and that all its eigenvalues lie on the imaginary axis. Let iν • be one of the eigenvalues of A and T ν• := 2π ν• . We define the resonance space U ν• of A with primitive period T ν• as
The resonance space U ν• has the following properties (see [Wil36, GoS87, VvdM95] ):
(i) U ν• is equal to the direct sum of the real generalized eigenspaces of A corresponding to eigenvalues of the form ±ikν • , with k ∈ N * .
(ii) The pair (U ν• , ω| Uν • ) is a symplectic subspace of (V, ω).
with associated momentum map
is a symplectic representation space of the Lie group G and the Hamiltonian vector field A is G-equivariant (equivalently, the quadratic form Q A is G-invariant), then the symplectic resonance subspace (U ν• , ω| Uν • ) is also G-invariant (this follows from the uniqueness of the Jordan-Chevalley decomposition of A, which implies that if A is G-equivariant, so is A s ). Moreover, the S 1 and G actions on (U ν• , ω| Uν • ) commute, which therefore defines a symplectic linear action of G × S 1 on U ν• .
(v) The normal form reduction [vdM85, vdM90, VvdM95] Let (V, ω, h λ ) be a λ-parameter family (λ ∈ Λ, where Λ is a Banach space) of G-Hamiltonian systems such that for any λ ∈ Λ, h λ (0) = 0, dh λ (0) = 0, and the G-equivariant infinitesimally symplectic linear map A := DX h λ• (0) is non singular and has ±iν • as eigenvalues. Let (U ν• , ω| Uν • ) be the resonance space of A with primitive period
• denotes the partial Fréchet derivative relative to the variable in U ν• ), and h λ is a G × S 1 -invariant function that coincides with h λ up to order k + 1; it can be proven [VvdM95, Theorem 3.2] that if we stay close enough to zero in U ν• and to λ • ∈ Λ, then the S 1 -relative equilibria of the G × S 1 -invariant Hamiltonian h λ are mapped by ψ(·, λ) to the set of periodic solutions of (V, ω, h λ ) in a neighborhood of 0 ∈ V with periods close to T ν• . Hence, in our future discussion we will substitute the problem of searching periodic orbits for (V, ω, h λ ) by that of searching the S 1 -relative equilibria of the G × S 1 -invariant family of Hamiltonian systems (U ν• , ω| Uν • , h λ ), that will be referred to as the equivalent system. Note that the properties of ψ imply that
Hamiltonian relative equilibria and relative periodic orbits
A point m ∈ M is a relative equilibrium of the Hamiltonian system with symmetry (M, ω, h, G, J), with velocity ξ ∈ g, iff m is a critical point of the augmented Hamiltonian h ξ := h − J ξ , where J ξ := J, ξ . A similar characterization for RPOs that also uses the momentum map is given in the following elementary result. Proof Let F t be the flow of the Hamiltonian vector field X h and K t (m) = exp tξ · m that of X J ξ . By Noether's Theorem:
where the bracket {·, ·} denotes the Poisson bracket associated to the symplectic form ω. Due to this equality, we can write (see for instance [AMR99, Corollary 4.1.27]) the following expression for G t , the flow of X h−J ξ :
Since by hypothesis the point m is periodic for G t with period τ , we have that
as required.
The proposition that we just proved allows us to search for RPOs of the system (M, ω, h, G, J) by searching the POs of the systems with Hamiltonian function the augmented Hamiltonians h ξ := h−J ξ . Notice that in terms of symmetry properties, the new systems whose POs we want to compute are weaker. More specifically, even though the original Hamiltonian is G-invariant, the augmented Hamiltonian h − J ξ is only G ξ -invariant, where G ξ is the adjoint isotropy of the element ξ ∈ g, that is,
As we already mentioned in the introduction, the use of the previous proposition in the search for the RPOs of a system carries intrinsically two main limitations. Firstly, since the phase shift of a RPO that amounts to a PO of h − J ξ is always of the form exp τ ξ, with τ some real number, the RPOs whose phase shifts do not lie in the connected component of the identity of the group of symmetries G cannot possibly be found in this way. Second, if G is a discrete group then its Lie algebra is trivial and consequently so is the momentum map associated to this action, which makes the previous proposition empty of content.
Results on critical point theory of functions on compact manifolds

The Lusternik-Schnirelman approach
The following two results are slight generalizations of those presented in [W77] for circle actions. The additional hypotheses that we will introduce in our statements will make the original proofs work with straightforward modifications.
critical orbits.
In the previous statement, the symbol Cat denotes the Lusternik-Schnirelman category of the quotient compact topological space M/G (the action of G on M does not need to be free and, consequently, the quotient M/G is not in general a manifold). Recall that the Lusternik-Schnirelman category of a compact topological space M is the minimal number of closed contractible sets needed to cover M . 
3)
The proof of the following elementary fact can be found in [Sch69] .
Proposition 2.4 Let M be a compact topological space. The Lusternik-Schnirelman category of M is at least 1 plus its cuplength.
Proof The symplecticity of ω implies that ω n is a nowhere vanishing multiple of the volume form, hence [ω] n = [ω n ] = 0 in the top cohomology group of the manifold, and therefore the cuplength of the manifold M is at least n. The conclusion follows from Proposition 2.4.
The preceeding four results are the main analytical tools to obtain the estimates on the number of RPOs of our problem. As we will see in the proof we will be able to reduce the search for those RPOs to the computation of the number of critical orbits of a G-invariant function defined on a compact G-symmetric manifold that satisfies the hypotheses of Proposition 2.2. Therefore we can bound below that number using (2.2), that is, Cat(M/G), which at the same time can be estimated in terms of readily computable dimensional quantities using propositions 2.3 and 2.4.
Another approach to the search of critical orbits of symmetric functions is the use of the so called equivariant Lusternik-Schnirelman category or G-Lusternik-Schnirelman category (denoted by the symbol G-Cat), introduced in different versions and degrees of generality by Fadell [Fa85] , Clapp and Puppe [CP86, CP91] , and Marzantowicz [Mar89] . The equivariant Lusternik-Schnirelman category is not the standard Lusternik-Schnirelman category of the orbit space that we used in the previous paragraphs, but the minimal cardinality of a covering of the G-manifold M by G-invariant closed subsets that can be equivariantly deformed to an orbit. This new category is also a lower bound for the number of critical orbits of a G-invariant function on M and is actually a better bound since it can be proven (see for instance [Fa85, page 43] 
where the equality holds, for instance, when the G-action on M is free. Nevertheless, we will not use this category since the cohomological estimates that can be made via arguments similar to those established using propositions 2.3 and 2.4 on the value of the G-category require the use of G-equivariant cohomology hence giving rise to estimates that are not as readily computable as those that we will obtain using standard cohomology.
The Morse theoretical approach
Let f ∈ C ∞ (M ) be a smooth function on the compact manifold M . A critical point m ∈ M is said to be non-degenerate when the second derivative of f at the critical point d 2 f (m) is a non degenerate quadratic form. Non degenerate critical points are isolated. The index i f (m) of a critical point m is the maximal dimension of a subspace of
is negative definite. A smooth function all whose critical points are non degenerate is said to be of Morse type.
If M is a G-manifold with G a Lie group of positive dimension, the critical points of any smooth G-invariant function f ∈ C ∞ (M ) G come in G-orbits. Therefore, since the critical points of f are not isolated the function f cannot possibly be of Morse type. The closest condition to being of Morse type that we can envision in the equivariant context is what we will call being of Morse-Bott type with respect to the G-action. A function f ∈ C ∞ (M ) G is of Morse-Bott type with respect to the G-action when all its critical points m ∈ M satisfy that ker
This condition will be needed in the statement of our main results. Note that this is a "reasonable" condition to be imposed since it is generic in the G-category. A situation in which it is very easy to see that this is the case is when the G-action on M is free. In that case, a G-invariant function being of Morse-Bott type is equivalent to its projection onto the quotient manifold M/G being a standard Morse function, which occurs generically. The Morse-Bott condition implies the minimal degeneracy condition [KW84, Appendix 10], which is the weakest condition that, to the knowledge of the author, allows the formulation of Morse inequalities and standard Morse theory (see [AB82, MDS98] for additional information on Morse-Bott functions). More specifically, the Morse inequalities in this situation state that if the function f ∈ C ∞ (M ) G is Morse-Bott with respect to the G-action on M , then there exits a polynomial R(t) in t with non negative integer coefficients such that
where the sum runs over all the critical orbits G · x of the function f , and P t (G · x), P t (M ) denote the Poincaré series of G · x and M respectively
The Morse inequalities (2.5) still hold if instead of using ordinary cohomology we use equivariant cohomology, that is, there exits a polynomial R(t) in t with non negative integer coefficients such that
where
. These are the so called equivariant Morse inequalities.
A straightforward consequence of (2.6) is that any G-invariant function f on the compact manifold M has at least
The previous remark is particularly relevant in the globally Hamiltonian framework: suppose now that the compact G-manifold M is symplectic, that the Lie group G acts canonically, and that this action has an equivariant momentum map associated J : M → g * . Let µ ∈ J(M ) ⊂ g * be a regular value of J and G µ be the corresponding coadjoint isotropy subgroup which we will assume acts in a locally free fashion on J −1 (µ). In the proofs of our main results it will be necessary to evaluate the number of critical orbits of a G µ -invariant function on J −1 (µ), which by (2.7) can be done just by computing χ(J −1 (µ)) Gµ . This work has been carried out in full detail by Kirwan [KW84, KW88] who realized that the function
is an equivariantly perfect Morse function, which allows to explicitely write down (see [KW88, Theorem 4 .14]) the G µ -equivariant Betti numbers of J −1 (µ), and consequently χ(J −1 (µ)) Gµ , in terms of the Betti numbers of M , of the classifying space of G µ , and of the equivariant Betti numbers of some simpler subspaces of M explicitely constructed using the geometry of the momentum map. Therefore, in our future discussions we will consider χ(J −1 (µ)) Gµ as a computable quantity that we can use, via (2.7), in our estimations on the number of G µ -critical orbits on J −1 (µ) (see Section 3 in [KW88] for an explicit example of this calculation).
We conclude this remark by noting that since we will be working with locally free actions, the rational equivariant cohomology ring H * Gµ (J −1 (µ); Q) is isomorphic to the ordinary rational cohomology ring H * (J −1 (µ)/G µ ; Q), and therefore
Lagrange multipliers
The use of Lagrange multipliers will be crucial in the proof techniques that we will use. The version of this result that we present in the following proposition can be found as Corollary 3.5.29 in [AMR99] .
Proposition 2.6 Let M be a smooth manifold, F be a Banach space, g : M → F be a smooth submersion, f ∈ C ∞ (R), and N = g −1 (0). The point n ∈ N is a critical point of the restriction f | N iff there exists λ ∈ F * , called a Lagrange multiplier, such that n is a critical point of f − λ • g.
The main result
Before we state the main result of this section we need some terminology. Let h ∈ C ∞ (V ) a smooth function defined on the vector space V such that h(0) = 0, dh(0) = 0, and the second derivative at zero Q := d 2 h(0) is a definite quadratic form. Let ·, · be the scalar product on V defined by
and · be the associated norm. We will say that these are the scalar product and the norm associated to the quadratic form Q. We now write the Taylor expansion of h around the origin:
We will say that the kth term in the Taylor expansion of the function h is purely radial when
where c k is a constant real number.
The main goal of this section is proving the following theorem: 
is definite, and the set J
Suppose that the following two generic hypotheses hold:
of the Hamiltonian h to the fixed point subspace U H ν• is not radial with respect to the norm associated to Q H . 
Then, the neighborhood B(H) can be chosen so that for any ǫ > 0 close enough to zero and any λ ∈ B(H) there are at least
distinct relative periodic orbits of X h with energy ǫ, momentum ǫ(Ξ * H ) −1 (λ) ∈ g * , isotropy subgroup H, and relative period close to
and (N (H)/H) λ the coadjoint isotropy of λ ∈ l * (see Section 2.1 for more information about this notation).
The symbol χ J −1 L H (λ) ∩ Q −1 H (1) L λ ×S 1 denotes the L λ × S 1 -Euler characteristic of J −1 L H (λ) ∩ Q −1
H (1) (which in this case equals the standard Euler characteristic of the symplectic quotient
Remark 3.2 Note that in the absence of symmetries and for non trivial manifolds, that is G = {e} and dim V > 0, the first part of the main estimate (3.1) reduces to
which coincides with the conclusions of Moser's version [M76] of Theorem 1.1.
Remark 3.3
The main feature of the first part of the estimate (3.1)
is that it does not involve any dynamics, that is, neither the Hamiltonian h nor any of its byproducts are present in it. The kinematical setup of the problem, in our case given by the symplectic representation of G on V , fully determine the number of RPOs that can be expected around a stable symmetric equilibrium, induced by ANY Hamiltonian system that satisfies the hypothesis of the Theorem. This dynamical independence, that was already present in the non symmetric result of Weinstein and Moser (3.2), has a price in terms of sharpness, since in general, the Morse theoretical part of (3.1) is expected to give better results.
Remark 3.4 The first part of the estimate (3.1) constitutes an existential result. More specifically: as we will see in the proof, the first part of (3.1) comes from the estimation of the category
using Proposition 2.4. Since the choice of the neighborhood
Remark 3.5 Despite the one half in front of the first part of estimate (3.1) we always obtain an integer out of it. Indeed, U H ν• is a symplectic vector subspace of the symplectic vector space U ν• , and therefore of even dimension. Also, the coadjoint orbit (N (H)/H) · λ is also a symplectic manifold of even dimension equal to dim(N (H)/H) − dim (N (H)/H) λ , hence − dim(N (H)/H) − dim (N (H)/H) λ is necessarily also an even number.
Remark 3.6 As we will see in the proof, the possibility of defining an S 1 -action in the space U H ν• (normal form) implies that the number k in the statement of hypothesis (H2) is necessarily even.
Before we proceed to prove the theorem we will work on the following proposition.
Proposition 3.7 Suppose that we are under the hypotheses of Theorem 3.1. Let H ⊂ G be an isotropy subgroup of the
Proof (i) Given that the N (H)/H-action on (U ν• ) H is free, the momentum map J L H is a submersion and therefore its level sets are always submanifolds of (U ν• ) H , and consequently of U ν• . At the same time, the definiteness of the quadratic form Q implies that its level sets are compact submanifolds of U ν• . We will show the transversality of the level sets in the statement by showing that J −1 L H (0) ⋔ Q −1 (1). Since the transversality is an open condition (see for instance the Stability Theorem in page 35 of [GP74] ), the result will follow for J
In one hand we have that for any ξ ∈ l:
by the definiteness hypotheses on Q H , hence w / ∈ T v Q −1 (1).
(ii) A well known fact in the theory of differentiable manifolds guarantees that since J
(λ) necessarily, as required. Finally, the claim on the dimension is a consequence of the Transversality Theorem.
(iii) We proceed by contradiction: suppose that the point v ∈ (U ν• ) H is a relative equilibrium of the system with velocity ξ ∈ l. This implies that
The Lagrange Multipliers Theorem (taking ξ in Proposition 2.6 as the Lagrange multiplier) implies that
H (1) and therefore dQ H (v) · w = 0, which represents a contradiction.
Proof of the theorem The main idea behind the proof consists of using Proposition 2.1 to reduce the search for RPOs with isotropy subgroup H to the search for periodic orbits of the Hamiltonian systems of the form (ω| V H , h ξ ) with
. We will first apply the ideas introduced in Section 2.2 to construct a normal form for these systems that will set up the problem of this search for POs in terms of the search for relative equilibria of a S 1 -action that we will describe in what follows.
Firstly, consider the symmetric Hamiltonian system (V H , ω|
The RPOs of this system amount to RPOs of the original system whose isotropy subgroups include H. Let A H := DX h| V H (0) be the linearization at zero of the Hamiltonian vector field X h| V H . By the hypotheses on X h , the eigenvalues ±iν • are in the spectrum of A H , and the cor-
), whose momentum map is given by
we can construct a normal form equivalent system h H ξ whose S 1 -relative equilibria give us the periodic orbits of h H ξ . Due to the fact that the N (H)/H and S 1 -actions on U H ν• commute and that J L H is quadratic, the normal form h H ξ can be chosen so that
In the following lemma we evaluate the critical points of the restriction of the function h| U H ν• to the level sets of the form J
H (ǫ), where λ ∈ B(H), the neighborhood of zero in l * introduced in Proposition 3.7, and ǫ > 0 is very small. Furthermore, we will see how these critical points can be arranged in smooth branches. 
, to the level sets of the form
, where λ ∈ B(H), the neighborhood of zero in l * introduced in Proposition 3.7, has at least 
Proof Firstly, note that the estimate (3.5) is a straightforward consequence of Proposition 2.2, (2.7), and the invariance properties of h k .
We now prove the existence of the branches in the statement. Let u 0 be one of the critical points of the restriction of the function h k to the level set J
H (1), provided by (3.5). The transversality of J L H and Q H implies the existence of a very convenient coordinate patch around u 0 in Q −1 H (1). In order to construct it, let us show first that the restriction
is a submersion onto its image. Indeed, for any u ∈ Q −1
as required. In the last equality we used that since
In these circumstances, the Local Submersion Theorem (see for instance [AMR99, Theorem 3.5.2]) implies the existence of a neighborhood V λ• of λ • in l * , a neighborhood W of the origin in R s , with s = dim U H ν• −dim l * −1, and a mapping ϕ :
H (1) that is a diffeomorphism onto its image, such that:
We will further improve this coordinate patch around u 0 by "factoring out" the L λ• ×S 1 -action in it. Indeed, since the Lie group L λ• × S 1 acts on Q −1 H (1), we can induce a local action of this group on V λ• × W by declaring ϕ to be equivariant, that is, for any g = (l, θ) ∈ L λ• × S 1 close enough to the identity we define g · (λ, w) := ϕ −1 (g · ϕ(λ, w)) . Note that by the very definition of this action and by (3.6), we have that
for some smooth function Φ. The dot in l · λ denotes the coadjoint action of L λ• on l * . Note that in (3.7) we used the equivariance of J L H with respect to the L λ• -action that was inherited from its L-equivariance, as well as the invariance of J L H with respect to the S 1 -action which is justified by the fact that this action is induced by a Hamiltonian flow associated to a L-invariant Hamiltonian, namely Q H . Noether's Theorem justifies the statement. Using these remarks we are now going to construct a slice for the local L λ• × S 1 -action on V λ• × W that goes through the point (λ • , 0). Firstly, it is easy to see by using (3.8) that
where W ′ ⊂ W is a vector subspace of W . The remarks that we made in Section 2.1 about the construction of the slices implies the existence of a smooth mapping ψ diffeomorphic onto its image of the form
The set U is an open neighborhood of the origin in a vector space isomorphic to W/W ′ and η :
In these circumstances, the version of the Slice Theorem that we presented in Section 2.1 implies the existence of a local cross-section σ :
, and a smooth map F of the form
that is a diffeomorphism onto an open set of Q −1 H (1) that contains u 0 . We will now use this coordinate patch to obtain the branches v(r, λ) whose existence we claim in the second part of the statement. We start by setting up the problem in polar coordinates since it is a polar blowing-up argument what will give us the result. Let 2n be the dimension of the symplectic vector space U H ν• . We will denote by S 2n−1 the sphere in U H ν• obtained by using the norm associated to the definite quadratic form Q H . We now define the blown-up Hamiltonian h ′ : R × S 2n−1 → R, as:
When the variable u is in a neighborhood of u 0 , we can use (3.9) to give a local expression for h ′ in Z × V λ• × U -variables; let h ′′ : R × Z × V λ• × U → R be the local expression of the blown-up Hamiltonian, defined by
Notice that the G-invariance of the Hamiltonian h implies that
that is, h ′′ does not depend on the Z-variables. The main advantage of the use of these coordinates is the fact we can search for the critical points of the restriction of h| U H ν• to the level sets J L H (r 2 λ) ∩ (Q H ) −1 (r) has a critical point at rϕ(λ, η(λ, u)). Using now hypotheses (H1) and (H2) on the Hamiltonian h we can write
where α 4 , α 6 , . . . , α k−2 are real coefficients and h ′′ k (λ, u) := h k (ϕ(λ, η(λ, u))). Expression (3.10) can be rewritten of the form
with g is a smooth function on his variables such that
The Taylor expansion of g on the r variables around r = 0 has the form
and that
H (1)), which, by the choice of u 0 lies in the kernel of dh k (u 0 ) (recall that u 0 was chosen to be a critical point of the restriction of
H (1)). Moreover, it is easy to see that for any pair u, v ∈ U :
is a non degenerate quadratic form since the image of the linear mapping
. In this situation the Implicit Function Theorem guarantees the existence of a function u : E × V λ• → U (shrink V λ• if necessary) with E ⊂ R a neighborhood of the origin in R, such that D U g(r, λ, u(r, λ)) = 0, which, by (3.11) is equivalent to having D U h ′′ (r, λ, u(r, λ)) = 0 and consequently
The claim of the Lemma follows by taking ρ(r, λ) := ϕ(λ, η(λ, u(r, λ))) and v(r, λ) := rρ(r, λ) = rϕ(λ, η(λ, u(r, λ))). L H (r 2 λ)∩(Q H ) −1 (r 2 ) provided by (3.5). Proposition 2.6 guarantees, for each v(r, λ) the existence of a multiplier (Λ(r, λ), c(r, λ)) ∈ l × R such that: . If we are able to show that Λ(r, λ) can be made very small so that we can use the Normal Form Theorem, all these periodic points will amount to periodic orbits of
and, by Proposition 2.1, to RPOs of X h .
We will prove this point by pairing both sides of (3.12) at the point v(r, λ • ) with the vector w λ := D λ v(r, λ • ) · λ, λ ∈ l * arbitrary, and taking into account that by the very construction of the function v(r, λ), J L H (v(r, λ)) = r 2 λ, for any r ∈ E and any λ ∈ V λ• . Indeed,
This equality implies, together with hypotheses (H1) and (H2) that the multiplier Λ(r, λ) is a smooth function in its variables Λ : E × V λ• → l since it can be written as a composition of smooth functions, namely
Even though in the previous equality it seems that there is a singularity at r = 0 we see in what follows that it is not the case. Indeed, by hypothesis (H2) we can write
where α 4 , α 6 , . . . , α k−2 are real coefficients. It is easy to see from (3.16) that for any
Given that by hypothesis (H2) k ≥ 4, expression (3.15) can be rewritten as
where the smoothness of the function Λ(r, λ) is apparent as well as the fact that Λ(0, λ) = 0. These two points together imply that the multiplier Λ(r, λ) can be made as small as we want by taking r sufficiently close to the origin, as desired. This allows us to use the Normal Form Theorem to conclude that for r small enough, the RPOs of h| U H ν• amount to RPOs of the original system.
We will now prove that the RPOs that we just obtained have relative periods close to T ν• by showing that as r tends to zero, the multiplier c(r, λ) approaches to 1. We prove this point by pairing both sides of (3.12) with the vector u := D r v(r, λ) · 1. First of all
From expression (3.16) it is easy to see that
. This equality, together with (3.17) and (3.18) imply, when substituted in (3.12) paired with u that 1 − c(r, λ) = λ, Λ(r, λ) + o(r, λ).
Since Λ(r, λ) → 0 when r tends to zero then c(r, λ) → 1 as r → 0, as claimed.
In order to conclude the proof of the theorem we will give a dimensional estimate of the first part of the estimate on the branches (3.5) whose relatively periodic character we just proved. In order to obtain the claim (3.1) in the statement of the theorem we just need to show that
We will prove this inequality with the help of Proposition 2.3, taking in its statement J 
and therefore, Proposition 2.4 establishes the inequality (3.19), which concludes the proof of the theorem.
Remark 3.9 The choice of the neighborhood B(H) in Proposition 3.7 guarantees that the RPOs that we found in our theorem are nontrivial, that is, they are not just relative equilibria. Indeed, when λ ∈ B(H), the level set of Q Remark 3.10 Even though the hypothesis (H1) appears in the proof of the theorem as a technical necessity, it turns out that in its absence it is not possible the existence of genuine RPOs that are not either relative equilibria or plain POs. Indeed, suppose that the restriction h| U H ν• is purely radial. In that case, h| U H ν• is directly in normal form and there exists a real smooth function f :
In these circumstances, expression (3.12) reduces to , λ) ), which amounts to
that is, in the absence of hypothesis (H1) v(r, λ) is a branch of relative equilibria of the Hamiltonian vector field associated to h (the reader interested in the technology for searching relative equilibria in the hypotheses of Theorem 3.1, or even weaker, can check with [CLOR99, OR00a] , and references therein). Note that a trivial corollary of this comment is that if h is just quadratic and therefore its associated Hamiltonian vector field is linear, then there are no genuine RPOs associated to its dynamics. On other words, the relative periodic orbits around stable equilibria are purely non linear phenomena.
Relative periodic orbits with spatiotemporal symmetries
In the statement of Theorem 3.1 we optimized the search for the RPOs of our system by looking for them within the fixed point spaces corresponding to the isotropy subspaces of the G-action on U ν• . In Section 2.2 we showed that the resonance space U ν• can actually be endowed with a G × S 1 -symmetry which obviously contains more isotropy subgroups than merely the G-symmetry and that we could therefore utilize to obtain additional relatively periodic solutions. However, the reader should not forget that the S 1 -symmetry is a feature owned solely by the system in normal form; the real system that we are dealing with is not S 1 -symmetric. This fact does not pose a problem since the morphism that relates the S 1 -relative equilibria of the normal form equivalent system to the periodic orbits of the original system transforms the S 1 -symmetry of the normal form Hamiltonian into a S 1 -symmetry of the periodic solutions of the original system. The G × S 1 -action on the T ν• -periodic solutions is defined as (g, θ) · u(t) := g · u(t + tθ 2π ), where u : R → V is a smooth function such that
The use of the isotropy subgroups of the G × S 1 -symmetry of the normal form equivalent system has been very fruitful in the symmetric bifurcation theory (see [GSS88] for a taste of it).
In this section we will generalize Theorem 3.1 to the search of RPOs which, as solutions, have as isotropy subgroup a nontrivial subgroup of G × S 1 . Before we get into the statement and proof of this generalization we study in detail the G × S 1 -action and its subgroups, and we explain in detail what we mean by nontrivial subgroups.
All along this section we will assume that the G-action on the resonance space U ν• is Gsimple, that is, U ν• contains a G-stable subspace which is either non absolutely irreducible or is isomorphic to the direct sum of two copies of the same absolutely irreducible representation. In the Hamiltonian symmetric framework, this hypothesis occurs generically [DMM92, Theorem 3.3]. Under the G-simplicity hypothesis we have the following result whose proof can be found in [GSS88, Proposition 7.2, page 300]: Proposition 3.11 Let H ⊂ G × S 1 be an isotropy subgroup of the G × S 1 -action on the resonance space U ν• . Let π : G × S 1 → G be the projection on the first factor and K := π(H) ⊂ G. If the G-action on U ν• is G-simple, then:
(ii) There is a homomorphism θ H : K → S 1 such that
Notice that, in the language of the previous proposition, the isotropy subgroups H of the G × S 1 -action on U ν• considered in Theorem 3.1 are those for which the homomorphism θ H is identically zero. These are the so called spatial symmetries. The isotropy subgroups for which θ H is different from zero are called spatiotemporal symmetries, and they will be the subject of this section. The homomorphism θ H will be called the temporal character of H and its derivative at the identity ρ H := T e θ H ∈ k * the temporal velocity of H. The temporal velocity allows us to express the Lie algebra h of H in a very convenient form:
In the sequel we will think of the Lie algebra k and its dual k * as subspaces of g and g * , respectively, by choosing in g an Ad N G (K) -invariant inner product ·, · and making g = k ⊕ m, with m the orthogonal complement to k in g with respect to ·, · . If we use the inner product dual to ·, · we can write g * = k * ⊕ m * . Proposition 3.12 Let H ⊂ G × S 1 be an isotropy subgroup of the G × S 1 -action on the resonance space U ν• , where the G-action on U ν• is G-simple. Let K := π(H) ⊂ G, θ H be the temporal character of H, and ρ H := T e θ H ∈ k * be its temporal velocity. Then:
It is a consequence of the fact that the temporal character θ H is a homomorphism. Indeed, for any k ∈ K and η ∈ k we have that
(ii) Recall that we think of k * as a subspace of g * by means of the splitting g * = k * ⊕ m * . By definition:
(iii) It is a straightforward consequence of the definition and the use of (i).
We now study the globally Hamiltonian character of the G × S 1 -action on the resonance space U ν• . The momentum map associated to this action is
where Q As is the quadratic form 1 2 ω(A s ·, ·) associated to the semisimple part A s of the linearization A of the Hamiltonian vector field X h at the equilibrium. As a particular case of what we saw in Section 2.1 we have that the globally Hamiltonian G × S 1 -action on U ν• induces, for each isotropy subgroup
where Ξ * : (h • ) H → l * is the natural N (H)/H-equivariant isomorphism between the H-fixed points in the annihilator of h in g * × R and the dual of the Lie algebra l * of N (H)/H. Note that since the N (H)/H-action on (U ν• ) H is free, the corresponding momentum map EJ L H is a submersion onto its image. Let ∆ :
H is also a submersion onto its image that more specifically acts, for any v ∈ (U ν• ) H :
Proposition 3.13 We use the notation introduced in the previous paragraphs. Let λ ∈ l * be an element in the image of EJ L H such that λ = Ξ * (−sρ H + χ, s), for some s ∈ R and some
Proof First of all, notice that if λ = Ξ * (−sρ H + χ, s), then
This chain of equalities has as a corollary that J|
Now, notice that since N (H) = N G (K) × S 1 and Ξ * is N (H)/H-equivariant, we have that an arbitrary element (l, θ)H ∈ N (H)/H is actually in the isotropy subgroup (N (H)/H) λ iff n · (−sρ H + χ) = −sρ H + χ. Given that ρ H ∈ k * , χ ∈ m * , and k * and m * are
The claim (3.20) can be obtained by quotienting (3.21) by the previous equality.
We are now in position to generalize Theorem 3.1 in order to incorporate spatiotemporal symmetries. 
be an isotropy subgroup of the G × S 1 -action on U ν• with temporal character θ H , temporal velocity ρ H ∈ k * , and such that the quadratic form Q H on the H-fixed point space U H ν• defined by
Then, for any ǫ > 0 close enough to zero, χ ∈ V χ• , and λ :
distinct relative periodic orbits of X h with energy ǫ, momentum
which in this case equals the standard Euler characteristic of the symplectic quotient
Proof We start with the following Lemma:
Lemma 3.15 Suppose that we are under the hypotheses of Theorem 3.14. Let
and there is a neighborhood
As we already saw in Proposition 3.13,
Since EJ L H is the momentum map corresponding to a free action on (U ν• ) H , it is a submersion onto its image and therefore its level sets, in particular S χ• , are smooth submanifolds of (U ν• ) H of dimension (3.23).
Let 
is non empty and, by the submersion argument is a submanifold of (U ν• ) H of dimension (3.23).
We now construct the open neighborhood V λ• of λ • whose existence we claim in the statement of the Lemma. Firstly, the set T defined by
is the neighborhood needed in the statement.
We now prove a result that constitutes the spatiotemporal analog of Lemma 3.8. 
, to the level sets of 
and a smooth function
Proof The estimate (3.24) is a straightforward consequence of Proposition 3.13, Corollary 2.5, the statement (2.7), and the invariance properties of h k .
We now construct the branches v(r, χ) in a fashion similar to Lemma 3.8. Let χ ′ ∈ V χ• ⊂ (k • ) K be arbitrary but fixed and let u 0 be one of the critical points of the restriction of the function h k to the level set J|
H (1), provided by (3.24). Since by Lemma 3.15 any element of the form (χ, Let now χ ′ ∈ V χ• and v : E × V χ ′ → U H ν• be one of the branches associated that we introduced in Lemma 3.16. By construction,
Since EJ N K maps into (k • ) K × R, the Lagrange Multipliers Theorem guarantees the existence of an element Λ(r, χ) ∈ (k • ) K * and c(r, χ) ∈ R such that ) Λ(r,λ) . If we are able to prove that Λ(r, λ) becomes very small as r → 0, the Normal Form Theorem will guarantee that v(r, λ) will amount to a periodic point of
It is easy to show that this is a well defined vector field on U H ν• since exp tΛ(r, λ) · v ∈ U H ν• whenever v ∈ U H ν• ). Actually it can be easily proved by mimicking what we did in the proof of Theorem 3.1 after (3.12), that Λ(r, χ) and c(r, χ) are smooth functions that tend to zero and one, respectively, as the variable r tends to zero.
Remark 3.17 There is a difference between the RPOs obtained in Theorem 3.1 and those in its spatiotemporal counterpart. In the former, the smoothness of the numerator of the relevant symplectic quotients was obtained via a transversality argument that allowed us to avoid relative equilibria, that is, as we already pointed out in Remark 3.9, the RPOs that we obtained are not jus relative equilibria. In the previous theorem, the same smoothness was obtained via the use of submersions which do not guarantee the transversality between the level sets of the energy and the momentum, leaving the door open to relative equilibria. The ultimate reason for this important difference between the treatment of spatial and spatiotemporal symmetries lies in the fact the spatiotemporal subgroups intertwine the G and S 1 actions via their temporal characters, which prevents us from making the distinction between RPOs and relative equilibria in our results.
Relative periodic orbits around stable relative equilibria
In this section we will use the so called MGS normal form and the reconstruction equations in order to generalize the main result in the previous section to the search of RPOs around genuine relative equilibria.
The MGS normal form and the reconstruction equations
Since this topic has been already introduced already in many other papers we will just briefly sketch the results that we will need in our exposition, and will leave the reader interested in the details consult the original papers [Mar85, GS84] . For an exposition using a notation identical to the one in this paper the reader is encouraged to check with [O98, OR00, OR00a] .
All along this section we will work with a G-Hamiltonian system (M, ω, h, G, J), where the Lie group G acts in a proper and globally Hamiltonian fashion on the manifold M . Let m be a point in M such that J(m) = µ ∈ g * and H := G m denotes the isotropy subgroup of the point m. We denote by g µ the Lie algebra of the stabilizer G µ of µ ∈ g * under the coadjoint action of G on g * . We now choose in ker T m J a H-invariant inner product, ·, · , always available by the compactness of H. Using this inner product we define the symplectic normal space V m at m ∈ M with respect to the inner product ·, · , as the orthogonal complement of
where the symbol ⊕ denotes orthogonal direct sum. It is easy to verify that (V m , ω(m)| Vm ) is a H-invariant symplectic vector space.
Recall that by the equivariance of J, the isotropy subgroup H of m is a subgroup of G µ and therefore h = Lie(H) ⊂ g µ . Using again the compactness of H, we construct an inner product ·, · on g, invariant under the restriction to H of the adjoint action of G on g. Relative to this inner product we can write the following orthogonal direct sum decompositions g = g µ ⊕ q, and g µ = h ⊕ m, for some subspaces q ⊂ g and m ⊂ g µ . The inner product also allows us to identify all these Lie algebras with their duals. In particular, we have the dual orthogonal direct sums g * = g * µ ⊕ q * and g * µ = h * ⊕ m * which allow us to consider g * µ as a subspace of g * and, similarly, h * and m * as subspaces of g * µ . The H-invariance of the inner product utilized to construct the splittings g µ = h ⊕ m and g * µ = h * ⊕ m * , implies that both m and m * are H-spaces using the restriction to them of the H-adjoint and coadjoint actions, respectively. The MGS normal form provides a very useful set of tubular coordinates around any G-orbit of M that in what follows we will use to compute the equations that describe the dynamics induced by the Hamiltonian vector field corresponding to a G-invariant Hamiltonian. Let h ∈ C ∞ (Y ) G be a G-invariant Hamiltonian on Y . Our aim is to compute the differential equations that determine the G-equivariant Hamiltonian vector field X h ∈ X(Y ) associated to h and characterized by
Since the projection π :
is a surjective submersion, there are always local sections available that we can use to locally express
with X G , X m * and X Vm locally defined smooth maps on Y and having values in T G, T m * and T V m respectively. Thus, for any [g,
introduced in the previous section, the mapping X G can be written, for any [g, ρ, v] ∈ Y , as
with X h , X m , and X q , locally defined smooth maps on Y with values in h, m, and q respectively. There is no hope to completely determine the maps X h , X m , X q , X m * , and X Vm solely from (4.2) since this is an equation on the quotient. However, it is possible to gather enough information on X h , X m , X q , X m * , and X Vm such that X h is uniquely determined by the relation
H can be understood as a H-invariant function that depends only on the m * and V m variables, that is,
This implies that dh([g, ρ, v]) · w can be written as
are the partial derivatives of h • π with respect to the m * and V m variables, respectively.
Using these ideas and the explicit expression of the symplectic form ω Y mentioned in Proposition 4.1 (see [O98, OR00] , and references therein) we can explicitly write down the differential equations that determine the components of X h :
where P h * , P m * , and P q * denote the projections from g * onto h * , m * , and q * , respectively, according to the Ad * H -invariant splitting
These expressions, introduced for the first time in [O98] , are called the reconstruction equations since the dynamical evolution in the symplectic slice V m (that is, equation (4.5)) has much to do with the dynamics in the reduced spaces [SL91, BL97, O98, OR00] hence, once this is known, the rest of the equations allow us to lift or reconstruct the dynamics in the entire space.
An entire paper [RWL99] has been devoted to give a particular solution of these equations in the presence of even time-reversing symmetries. In what follows we reproduce that solution (see [OR00] for a treatment consistent with our notation).
Indeed, we first note that since h ∈ C ∞ (Y r ) G is G-invariant, the corresponding Hamiltonian vector field is going to be G-equivariant, therefore it suffices to consider the preceeding equations at the point [e, ρ, v] which will give us the value of the vector field X h ([e, ρ, v]) and then, using the equivariance, we obtain X h ([g, ρ, v]) by writing
In order to present this solution we first implicitly define a function η : g µ × q → q * such that η(ξ, 0) = 0 for all ξ ∈ g µ and that for ρ ∈ m * , v ∈ V m small enough satisfies
an expression for the Hamiltonian vector field X h that satisfies the reconstruction equations is
The previous equations admit severe simplifications in the presence of various Lie algebraic hypotheses. See [RWL99] for an extensive study. For future reference we will note two particularly important cases:
• The Lie algebra g is Abelian: in that case X * m = X q = 0 at any point.
• The point µ ∈ g * is split [GLS96] , that is, the Lie algebra g µ of the coadjoint isotropy of µ admits a Ad Gµ -invariant inner product: in that case the mappings η and ψ are identically zero.
The main estimate
The following result generalizes theorems 3.1 and 3.14 to the search of RPOs around stable relative equilibria distinct RPOs of X h with energy ǫ, momentum µ ∈ g * , relative period close to T ν• , and isotropy subgroup H.
(ii) If ρ K = 0 and χ
Vm (1) is non empty, assume that ONE of the following hypotheses holds:
1. The Lie algebra g is Abelian.
2. The Lie algebra g µ is Abelian and µ is split. Proof of the Theorem We first make sure that the Hessian in the statement of the theorem is well defined and that the hypotheses on it do not depend on the choice of symplectic normal space V m . As to the first point it suffices to show that the function h − J Pm ξ has a critical point at the point m: since ξ and P m ξ differ by an element in the Lie algebra of the isotropy of the point m and ξ is a velocity of the relative equilibrium m, so is the element P m ξ, hence d(h − J Pm ξ )(m) = 0 necessarily.
Regarding the independence of the hypotheses on the choice of symplectic normal space V m notice first of all that In the remainder of the proof we will use these H-relative periodic orbits in V m to construct G-relative periodic orbits in the original system using the reconstruction equations. We will first establish the estimate (4.14) on the number of RPOs with momentum equal to µ: let v ∈ V m be one of the H-relative periodic orbits of (V m , ω Vm , h Vm , H, J Vm ) with J Vm momentum equal to zero. If we look at the reconstruction equation (4.13) taking into account that J Vm (v) = 0 we obtain that the point [e, 0, v] is such that X * m ([e, 0, v]) = 0 and therefore it is necessarily a G-relative periodic point of X h . Notice that, given the expression of the momentum map in MGS coordinates (4.1), this RPO has momentum exactly equal to µ.
As to the estimate (4.15), consider now one of the RPOs of (V m , ω Vm , h Vm , H, J Vm ) with J Vm momentum equal to ǫ(χ − 1 ν• ρ K ). Additionally, suppose that we are in any of the first two cases contemplated in the Lie algebraic hypotheses in the statement of the theorem, that is, either the Lie algebra g is Abelian or g µ is Abelian and µ is split. It is easy to see by looking at the reconstruction equation (4.13) that in any of those two cases X * m = 0 at any point and therefore if v ∈ V m is one of the H-RPOs of (V m , ω Vm , h Vm , H, J Vm ) the point [e, 0, v] is necessarily a G-RPO of the original system, with G-momentum map µ + ǫ(χ − 1 ν• ρ K ) ∈ g * and isotropy subgroup K. If we are under hypothesis 3, the fact that h = g µ implies that m * = 0 and therefore the argument that we just used can be applied to the points of the form [e, v] . 
